This article synthesizes relevant research on a good elementary mathematics curriculum and an effective elementary mathematics instruction, while discussing various issues involved in curriculum review and developmentally appropriate instruction using mathematics standards. Research-based knowledge about good mathematics instruction has improved in recent years that facilitates in classifying mathematical skills students need to develop, as well as teaching strategies and instructional approaches that best support the development of these skills. The research-based knowledge using mathematics standards could serve as guidelines to reform elementary mathematics curricula and instruction, and could aid in preparation of future mathematics teachers in schools.
Introduction


Good mathematics instruction involves good teachers, an effective and conducive math environment, and a curriculum that is research-based supported. Mathematics standards can serve as guidelines in reforming a mathematics curriculum. An understanding of a good mathematics instruction is needed to effectively carry out curriculum expectations that comprises knowledge of what gets taught, how it gets taught in the schools, what constitutes good teaching, and how to make conducive math environments that promote learning. Assessment provides a feedback on the effectiveness of a curriculum and helps in reforming instructional decisions. Recent reforms in the mathematics instructions provide guidelines in designing a curriculum and evaluating its effectiveness using relevant assessment techniques.
Curriculum What Gets Taught?
Mathematics curriculum is the basis of what gets taught in the schools. A curriculum includes instructional content (syllabus), the methods employed (strategies), resources (books and other supporting material) supporting learning objectives, and the process for evaluating the attainment of intended curriculum objectives (assessment techniques). A good mathematics curriculum is coherent, focused on important mathematics, investigates thoroughly in depth into key concept and topic, and is well-articulated across the grades (Council of Chief State School Officers [CCSSO] , 2010; National Council of Teachers of Mathematics [NCTM], 1989 [NCTM], , 2000 [NCTM], , 2006 . A coherent mathematics curriculum has different mathematical ideas that are linked and build on Veena Paliwal, Ph. D., assistant professor, Department of Mathematics, University of West Georgia. one another. For example, teaching multiplication by linking it with addition-a concept that is introduced before multiplication. Research-based curriculum could provide guidelines in finding important content and processes that should be the focus of mathematics instruction. An effective elementary mathematics curriculum is the one that focuses on depth instead of breadth. That is, it emphasizes the development of thorough understanding of the topics instead of teaching too many topics without any meaningful understanding. A long list of topics in curriculum expectations often results in teaching too many topics too quickly with far too little understanding. In designing a curriculum, the biggest challenge is to stay focused on important topics and not present a long list of disconnected expectations. The purpose of well-articulated curriculum is to help teachers guide students to strive for increasing level of finesse and depth of knowledge, and it presents challenging problems for students to learn increasing sophisticated ideas as they continue their study.
Designing a curriculum. An effective curriculum sets developmentally appropriate goals that are based on the developmental readiness of students while addressing individual differences in peoples' learning.
Learning trajectories. In designing a curriculum, an understanding of the learning path-how students develop an understanding of a topic-facilitates in setting developmentally appropriate goals to ensure appropriate learning of a concept. An understanding of learning trajectory and how children construct meaningful knowledge enables teachers to implement mathematics learning environment that is developmentally appropriate and effective (Baroody, Purpura, & Reid, 2012 Learning trajectory consists of a goal, a developmental progression, and instructional activities (Clement & Sarama, 2004) . To understand a topic (goal), students progress through several levels of thinking (developmental progression) that are supported by tasks and experiences (instructional activities). Goals and learning trajectories should explicitly lay out the big ideas and how to help students in making sense of them (Baroody, Purpura, & Reid, 2012) . Goals include big ideas which are predominant concepts that interconnect various concepts and procedures within a domain and across domains. Learning trajectories include several levels of thinking and sequential steps needed to achieve a goal (developmental progression), which children follow in developing understanding of a mathematical idea. Effective teachers use them to design instructional tasks from children's perspectives and help children to move through levels of understanding (Fuson, Carroll, & Drueck, 2000) . Instructional tasks are the activities that should match each level of children's developmental progression and should promote children's progression to the next level. For example, big ideas could be proficiently using counting sequence. Learning trajectory of achieving proficiency in counting consists of developmental progression of the following: no verbal counting, verbal counting with separate words not in order, counting to 10 with some object correspondence, one-to-one correspondence between counting words and objects for small sets, counting and understanding the cardinality (how many) of a bigger set.
Understanding individual differences in learning. There are individual differences in numerical abilities of pupils (Dowker, 2005) . When developing a mathematical curriculum, individual differences in learning should be taken into account. Even before formal schooling numerical abilities are not unitary, but consist of many CONSIDERING CURRICULUM, STANDARDS, AND ASSESSMENTS 146 independent components. Numerical abilities can be grouped into different categories, but there are numerous subcomponents in each category. For example, procedural fluency consists of written, oral, and concrete calculation procedures and includes procedures applicable to different arithmetic operations. Individual children show discrepancies between different components of arithmetic. For example, solving word problems is generally considered more difficult than solving direct computational problems (for example, 3 + 9 = ? or 54 ÷ 6 = ?).
However, there are some children who could efficiently do former, but have difficulty in executing the latter. Even in tasks that show high significant relationship, it is possible to find children who could perform one task without being able to perform the other. Numerical abilities are not a product of a single factor. In different sub-components, level of performance is influenced by multiple interacting factors: brain-based (innate and acquired), social, cultural, and educational. Early intervention that is based on the fact that arithmetic is based on various components and takes into account particular strengths and weaknesses of individuals can considerably ameliorate arithmetic difficulties. Using multiple approaches to solve a given problem is a way to account for the individual differences in learning.
Two views of learning. There are two prominent views of how learning takes place: rote memorization and meaningful memorization. In designing and implementing a curriculum, these views of learning facilitates in achieving the desired objectives. In rote memorization, the main idea is that learning requires continuous process of drill and repetitive practice until the combination forms an associative strength in memory. Rote memorization focuses on memorizing each concept separately. For example, each combination "4 + 2 = 6," "6 -2 = 4," and "6 -4 = 2" need to be memorized separately. In rote memorization, learning is viewed independent of arithmetic regularities, such as the addition-subtraction complement principle (If 4 + 2 = 6, then 6 -2 = 4 or 6 -4 = 2) that focuses on procedural and conceptual knowledge (Shrager & Siegler, 1998; Siegler & Araya, 2005) . In meaningful memorization, learning is viewed as the outcome of meaningful understanding that consists of organized framework of understandable facts, principles, and processes to promote learning of a concept (e.g., Brownell, 1935; National Mathematics Advisory Panel [NMAP], 2008) . Children meaningfully understand mathematics instruction by making connections through the process of assimilation and integration. Children assimilate (interpret and understand) new information by connecting it with their existing knowledge. For example, to understand subtraction expression a teacher might connect it with children's existing addition knowledge (for the subtraction problem "4 -3 = ?," connecting it with children's existing knowledge of addition and thinking what needs to be added to 3 to get 4, i.e., 3 + ? = 4). The process of integration involves connecting two previously unrelated ideas. For example, understanding that multiplication is the same as repeated addition (3 × 5 = ? and 5 + 5 + 5 = ? are the same), or division and repeated subtraction are the same (15 ÷ 5 = 3 as 15 -5 = 10, 10 -5 = 5, and 5 -5 = 0) results in deeper understanding of both operations addition and multiplication, or division and subtraction. Understanding how two concepts are related results in a thorough understanding of both concepts as pupils can use their understanding of previously known concepts (i.e., addition or subtraction) to understand a newly introduced concept (i.e., multiplication or division). Allowing students to construct meaningful knowledge should allow them opportunities to use assimilation and integration for effective mathematics instruction and learning. Indeed, a study in California revealed that memorization without understanding does not help in combination fluency (Henry & Brown, 2008) . In another study, students with meaningful instruction explain the algorithm, had higher retention rates, and used information more adaptively than the control group (Brownell & Moser, 1949) .
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How it gets taught? The effectiveness of a curriculum relies on crucial process of teaching it. To understand a best approach in mathematics instruction, an understanding of different approaches to instruction is needed.
Different approaches to instruction. The four approaches to instruction are: 1. Skills approach-based on dualistic philosophy, the aim of instruction is basic skills mastery where teacher is the authoritative source of knowledge and emphasis is on direct instruction and drill; 2. Conceptual approach-based on pluralistic philosophy, the aim of instruction is mastery of basic skills with understanding (content-oriented) where teacher is strong-armed guide and emphasis is on guided discovery and imposition of concrete models; 3. Investigative approach-based on instrumentalism, the aim of instruction is mastery of basic skills with understanding (process-oriented) where teacher is a gentle guide who emphasizes a variety of purposeful, meaningful, and inquiry-based tasks, and children invent their own concrete models and symbolic procedures;
4. Problem-solving approach-based on extreme relativism, the aim of instruction is to foster mathematical thinking where teacher provide a little or no feedback and emphasis is on unstructured discovery, and rich and complicated projects (Baroody & Dowker, 2003) .
The four approaches to instruction mainly differ in whether emphasize skills or concepts, i.e., to teach for skills (procedural knowledge) or for concepts (conceptual knowledge). With skill-based instruction, focus of instruction is on developing computational skills and recall of arithmetic facts. With the conceptual-based approach, focus in on developing conceptual understanding through meaningful instruction (assimilation and integration).
Good Teaching is Key
Student learning is based on the quality of the implementation of a teaching practice (Grouws, 2004) . The most debated issues in mathematics teaching are discussed below.
Teaching for conceptual vs. procedural knowledge. Conceptual and procedural knowledge can benefit from the acquisition and application of one another. Research has revealed that the conceptual understanding and procedural skills develop side by side. They are continually intertwined and facilitate each other (CCSSO, 2010; Fuson, 2004 , Kilpatrick, Swafford, & Findell, 2001 NMAP, 2008) . For example, solving near-doubles problems using doubles (for example, solving 6 + 7= ? using 6 + 6 = 12) requires understanding of both skills and concepts. Solving a problem "6 + 7 = ?" using doubles understanding (6 + 6 = 12) requires conceptual understanding that "6 + 7" should be one more than "6 + 6" as 7 is one more than 6, so "6 + 7" equals 13 (one more than 12). Skill mastery is required to recall the appropriate double combination that could help in solving near-doubles and to execute the entire computation properly. Just the skill approach does not yield to mastery of a concept, but skill with understanding allows students to use known information adaptively. For example, an understanding that "n + 1" or "1 + n" is the number after n in the counting sequence (10 + 1 is 11) allows pupils to compute "43,235 + 1" as 43,236 without any prior practice.
Student-centered vs. teacher-centered teaching. Researchers have long debated whether the student-centered or teacher-centered teaching technique is effective in promoting mathematics learning. Research has not supported one view over the other in teaching (Clement & Sarama, 2012; NMAP, 2008) . With the teacher-based approach, the teacher plays the central role of information transmitter, and main focus of instruction is on developing computational skills and recall of facts. With the student-centered approach, CONSIDERING CURRICULUM, STANDARDS, AND ASSESSMENTS 148 students are encouraged to arrive at a solution and to consider more than one-way of solving a problem. It is important to note that the teacher plays an important and central role in both approaches of instruction. With the teacher-centered approach, the teacher is the central authority and students are supposed to follow rules and procedures as instructed by the teacher. Also, with the student-centered approach, the teacher plays the role of the person who encourages students to work in groups and share mathematical ideas with each other in the group. In case of disagreement or conflict, the teacher welcomes mathematical discourse, helps students to work towards a consensus, encourages students while working in groups to build on their partner's idea, and engages students in a mutual process of understanding and making sense of mathematics.
Explicit instruction vs. discovery learning. Explicit instruction involves directing pupil's attention to a specific concept using a structured environment rather than an exploratory model (Clement & Sarama, 2012) . The aim of explicit instruction is to achieve specific leaning outcomes by providing step-by-step direction to achieve desired objectives. Discovery leaning is based on constructivist theory of knowledge where meaningful learning takes place through interaction between experiences and ideas. Pupils learn through problem-solving by using provided resources. Students play role of an active learner, and they are in the control of the instruction and have the responsibility of learning where facts and skills are not taught directly. Discovery learning facilitates students to develop conceptual understanding by using reasoning and problem-solving in discovering knowledge that emerges from experience with problems, not through transmission from teachers or books.
Both explicit and discovery learning approaches are crucial in instruction. In some contexts, instruction that explicitly addresses the concepts is more effective. For example, teaching a relatively new concept. Explicit instruction has also been found to help students with a math disability by using a didactic form of instruction where facts and skills are presented directly rather than indirectly (Fuchs et al., 2008) . Also, assisted instruction with explicit explanation, examples, scaffolding, and feedback does make a difference compared to unassisted instruction (Alfieri, Brooks, Aldrich, & Tenenbaum, 2010) . Discovery learning was effective in another study where at-risk first graders, in both structured and unstructured discovery learning, improved on "n + 1" combinations (Baroody, 1987) . The effectiveness of an approach is dependent on the content of the instruction and developmental readiness of the students (Baroody, Purpura, & Reid, 2012) . For example, explicit instructions on basic counting strategies, such as concrete-counting-all, helped young children in learning the strategy (e.g., Baroody, 1987; Fuson & Secada, 1986) , but the same was not true for more advanced counting strategy, such as abstract-counting-all (Baroody, 1984; Baroody, Tiillikainen, & Tai, 2006) . On the other hand, direct instruction on modeling abstract-counting-on helped third graders to learn the strategy (Fuchs et al., 2009) . Developmental readiness of the students might be the reason why direct instruction have helped promote counting-on in the Fuchs et al.'s (2009) study, but not in the Baroody (1987) and Fuson and Secada's (1986) study.
Which approach to choose? The effectiveness of a teaching method depends on the learning goal and one method might be more appropriate than other in achieving a learning goal (Hiebert & Grouws, 2007) . An effective mathematics instruction is balanced and it focuses on both conceptual and procedural understanding, and balances between teacher-and student-centered, or explicit instruction and discovery learning approaches depending on the content of the instruction (Kilpatrick, Swafford, & Findell, 2001 ). The most effective teaching method cannot have the same strategy for each learning goal and a shift among a mix of teaching methods is more effective in achieving the goal of the lesson.
CONSIDERING CURRICULUM, STANDARDS, AND ASSESSMENTS 149
Standards
An approach to instruction is based on the goal of the instruction. The standards lay out what students need to know and to be able to execute in each grade level, and the techniques to assess students' understanding of the expected knowledge. The goals of a mathematics instruction in the United States (U.S.) were first laid out by NCTM. NCTM (1989; 2000; 2006) presented a new vision of mathematics instruction because of dissatisfaction with the traditional skill approach. These reports described general goals and content that should be included in school mathematics in Grades pre-kindergarten (Pre-K-12). The specific content, including both skills and concepts, to be taught is presented in the report in grade-bands (Pre-K-2, 3-5, 6-8, and 9-12). The document proposed changes in the content of school mathematics and more importantly on the way mathematics is taught in schools. The goals set by NCTM regarding the content of mathematics instruction included conceptual understanding, problem solving, and reasoning strategies. NCTM stressed on making mathematics instruction relevant (purposeful), conceptually supported (meaningful), and process-based (inquiry-based).
For teaching mathematics, the NCTM (1989; 2000; 2006) had recommended a shift from a traditional instructional approach to an approach that built the "mathematical power" of children. "Mathematical power" has these components:
1. Positive disposition-understanding and believing that mathematics makes sense, and having confidence in tackling challenging problems; 2. Understanding mathematics-appreciating the applications of mathematics in everyday life, understanding how two facts are mathematically connected, and linking concepts and skills; 3. Mathematical inquiry-engaging children in making and testing assumptions, finding existing patterns (inductive reasoning), problem solving, and logical reasoning (deductive reasoning); 4. Procedural fluency-ability to apply their knowledge to solve problems within mathematics and other disciplines (National Research Council [NRC] , 2009).
These teaching standards are not intended to be a complete checklist of specific concepts, skills, and behaviors that must be followed in the classrooms. They are illustrations or indicators of judging appropriate and valuable aspects of mathematics instruction. They furnish guidance to all those who are working towards improving teaching and provide direction for moving towards excellence in teaching.
Impact of the NCTM standards. In the U.S., during the 1990s, many states and school districts developed and modified their own standards and curriculum in accordance with NCTM's recommendations. NCTM recommendations were also used as guidelines by National Science Foundation (NSF) supported programs for designing instructional materials (Senk & Thompson, 2003) . Pointing on NCTM standards, Lappan and Briars (1995) wrote that standards took into account children's mathematical knowledge from their experiences, and the importance of understanding that mathematical knowledge was dependent on how it was learnt. These views were consistent with what Dewey (1916; 1933) expressed about the relevance of context and social interaction in learning.
There is little research available to determine the features of the standards that have most impact on classroom practice. A case study by Ferrini-Mundy and Schram (1997) revealed that pedagogical features, such as cooperative learning or discussion were more readily taken by teachers compared to the mathematics-content features, such as emphasis on the process of arriving at an answer rather than the answer itself. that information to plan or improve instruction. Formative assessment draws from the use of observation, task, and personal interview. The information about a child's current behavior, thinking, and learning promotes the implementation of effective teaching methods and a positive learning environment, and positive relationships between teachers and students promotes high quality early childhood education. Formative assessments provide immediate feedback to both teachers and students about the process of learning and thus facilitates in teachers in evaluating their teaching effectiveness and students approach to learning. A summative assessment refers to assessment of learning and it provides a summary of development of a learner at a particular time. That is, the extent to which instructional and learning goals have met (NRC, 2009) . Summative assessment happens later in the learning path. Some examples of summative assessments are: state assessments, district benchmarks, end-of-chapter tests, end-of-unit exams, and semester finals. Summative assessments happen later in the learning path and are the tools to help evaluate the effectiveness of a program or curriculum NCTM (2000) provided standards for mathematics assessment as: (a) reflect the mathematics that all students need to know and be able to do; (b) enhance mathematics learning; (c) promote equity; (d) be an open process; (e) promote valid inferences about mathematics learning; and (f) be a coherent process. Formative and summative tools of assessment for areas specified by the common core state standards is developed by two consortiums, partnership for the assessment of readiness for college and career (PARCC) and smarter-balanced assessment consortium (SBAC). The states adopting the common core standards will opt for one of these assessment instruments. Some states have chosen which of the consortia they will work with, while others are still considering their plans. Assessment in mathematics education mainly assesses students' proficiency of the standards of mathematical practices (CCSSO, 2010) , which aligns with the process standards in NCTM's PSSM. The assessment of students' mastery of the standards for mathematical practice can also be included in state assessment plans by states that have not adopted the common core state standards.
Conclusion
Reform in elementary mathematics curricula and instruction must ensure that the three-curriculum, standards, and assessment-must be aligned and coherent for an effective mathematics instruction. The author visualizes that future mathematics instruction where young children are actively engaged to be on the road of mathematical proficiency should include these reform efforts. The topics are taught and learned in a setting that ensures that reasoning, problem-solving, connections, communication, and conceptual understanding are all developed at the same time along with procedural fluency (Kilpatrick, Swafford, & Findell, 2001) . The goal of instruction is meaningful learning where focus of instruction is on developing understanding. In this instructional environment, teachers act as learning facilitators, and students are active participants for purposeful learning. Fuson (1992) described future mathematics classrooms as, places where children construct meanings from mathematical concepts, words, and written marks and carry out, discuss, and justify solution procedures for mathematical situations (p. 268). The author believes this is what constitutes good mathematics instruction.
